The fluid dynamics of oscillating elastic beams underpin the operation of many modern technological devices ranging from micromechanical sensors to the atomic force microscope. While viscous effects are widely acknowledged to have a strong influence on these dynamics, fluid compressibility is commonly neglected. Here, we theoretically study the three-dimensional flow fields that are generated by the motion of flexible cylinders immersed in viscous compressible fluids and discuss the implications of compressibility in practice. We consider cylinders of circular cross section and flat blades of zero thickness that are executing flexural and torsional oscillations of arbitrary wave number. Exact analytical solutions are derived for these flow fields and their resulting hydrodynamic loads.
I. INTRODUCTION
Exact solutions to the Navier-Stokes equations find utility in practical applications as well as providing a benchmark for numerical simulations. Oscillating viscous flow generated by the motion of solid bodies underpins numerous technologies. This is particularly evident in applications such as those exhibited in microelectromechanical systems ͑MEMS͒ and the atomic force microscope ͑AFM͒, where fluid-structure interactions involving elastic beams are commonplace. [1] [2] [3] [4] The original work of Stokes involving the oscillation of a circular cylinder has been extended in recent years to include cylinders of arbitrary geometry through the use of computational techniques. 5, 6 The fluid is commonly considered to be incompressible which is valid for many cases of practical interest. [1] [2] [3] [4] [7] [8] [9] [10] This implicitly requires the acoustic wavelength of oscillation to greatly exceed the natural length scale for the flow. It is therefore of fundamental interest to consider the case where this underlying assumption is relaxed and examine the effects of compressibility on the flow dynamics and resulting hydrodynamic load. This can be especially relevant to practical applications involving MEMS devices, where operation in the higher order modes enhances the effects of compressibility, as we shall discuss. We note that previous works have examined the effects of compressibility on oscillating beams. However, these studies are primarily restricted to inviscid flow involving rigid body motion and thus ignore the effects of spatially varying beam deformations and viscosity. 11, 12 Importantly, viscous effects are enhanced upon miniaturization, 1, 13 thus restricting use of such models in micromechanical devices.
Recently, we derived an exact analytical solution for an infinitely thin flexible blade undergoing three-dimensional ͑3D͒ spatial oscillations in an incompressible viscous fluid. 10 In this article, we provide the essential extension of this result to the case of viscous compressible flow. We consider two separate geometries: a circular cylinder and a flat blade of zero thickness. Both cylinders are taken to be infinite in length and are executing normal and torsional oscillations of arbitrary wave number. The amplitude of oscillation is considered to be small enough so that convective inertial forces in the fluid can be neglected. [1] [2] [3] [4] [7] [8] [9] [10] Exact solutions for the complete 3D flow fields and resulting hydrodynamic load are derived in both cases. As required, the circular cylinder result reduces to the classical Stokes solution in the incompressible, zero wave number limit, whereas the corresponding solution for the flat blade recovers the numerical result obtained by Tuck. 7, 14 For the flat blade, the flow field is constructed using the general solution for a harmonically oscillating half-space and the principle of linear superposition, in the manner of Ref. 10 . As required for inviscid compressible flow, the phenomenon of acoustic coincidence is observed in this limit. 12, 15 In the presence of viscosity, however, this feature is diluted through mixing of viscous and acoustic effects. The effects of such mixing on the hydrodynamic load are explored and the mechanisms giving rise to these features discussed.
We begin by summarizing the principal underlying assumptions in Sec. II A. Exact solutions for the normal and torsional oscillations of a circular cylinder are then presented in Sec. II B. This is followed by derivation of the exact solution for a half-space executing spatial oscillations in two dimensions, which is in contact with a viscous compressible fluid. This exact solution is used to formulate integral equations for the flat blade problems, which are then solved exactly. Asymptotic results obtained directly from these integral equations are also given. Results arising from these solutions are then presented in Sec. III and their implications discussed. The inviscid compressible solution for the flat blade problem is given in the Appendix.
II. THEORY
We consider cylinders of infinite length oscillating in an unbounded viscous compressible fluid. Specifically, two cross sections are considered: a circular cylinder and a flat blade of zero thickness. Both normal and torsional oscilla-tions of arbitrary wave number are allowed. The inviscid limits for the flat blade are considered separately in the Appendix.
A. Governing equations
The fluid motion is governed by the compressible linearized Navier-Stokes equations
where u͑r , t͒ is the velocity field, r is the position vector in the Cartesian frame defined in Fig. 1 , p͑r , t͒ is the pressure, is the shear viscosity, and B is the bulk viscosity. As in previous studies, [1] [2] [3] [4] [7] [8] [9] [10] 16, 17 it is assumed that the amplitude of the oscillations ͑denoted by Y 0 ͒ is much smaller than the characteristic length scales of the flow, so that the convective inertial term can be ignored. Consistent with this assumption, the equation of state is also linearized about the ambient density 0 ,
where p is the pressure relative to the ͑constant͒ ambient pressure, K is the compressibility of the fluid, defined as
and Kp is the relative density perturbation of order O͑Y 0 / L͒.
Since the motion is oscillatory, it is appropriate to consider the Fourier transformed equations. Using Eq. ͑2͒ we arrive at the linearized governing equations
where the Fourier transform of any function of time t is given by
Henceforth, we shall omit this superfluous notation, since all results shall be presented in the frequency domain. If results in the time domain are required, they can be obtained by taking the inverse Fourier transform of the solutions presented.
A solution to Eq. ͑4͒ can be obtained by decomposing the velocity field into its curl-free and divergence-free components, namely,
where is a scalar potential and ⌿ is in general a three component vector potential. This allows the time dependent problem to be decomposed into two separate equations, one for each potential, given by
where we have defined
The functions and ⌿ must be solved for each flow under consideration and will be different for normal and torsional oscillations of the cylinder. The pressure is related to by
which can be shown using Eqs. ͑4͒ and ͑7a͒. For convenience, the results for the hydrodynamic load are presented in terms of the so-called hydrodynamic function. 1, 2, 4, [8] [9] [10] In general, the hydrodynamic function ⌫ n ͑͒ for a beam of arbitrary cross section, executing oscillations normal to the axis along its length, is defined as a normalized force per unit length such that
where f͑ẑ ͉ ͒ is the force per unit length, Y͑ẑ ͉ ͒ is the displacement function of the beam, a is the dominant length scale for the flow and is given by the beam half-width, and ⌫ n ͑͒ is a complex valued dimensionless force per unit length whose real and imaginary components correspond to the inertial and dissipative components of the force, respectively. For torsional oscillations, the hydrodynamic function ⌫ t ͑͒ is defined in terms of the moment per unit length,
where ⌽͑ẑ ͉ ͒ is the angular displacement function of the beam.
B. Circular cylinder
In this section, we determine the hydrodynamic force and moment per unit length on an infinite cylinder oriented along the z axis undergoing normal and torsional oscillations, see Fig. 1 . This is performed by solving the governing equations, Eq. ͑7͒, for the resulting flow field in cylindrical coordinates and evaluating the stress tensor at the surface of the cylinder.
The general solution for ⌿ can be written as
where k is the unit vector in the z direction and i are scalar functions which are solutions to ٌ͑ 2 + 2 ͒ i = 0. In cylindrical coordinates, the velocity can then be represented by
Note that since 3 does not appear in Eq. ͑13͒, it is arbitrary and we choose it to be zero. Using this form for the velocity around the circular cylinder, we now consider the normal and torsional oscillations separately.
Normal oscillations
The infinite circular cylinder undergoes small amplitude oscillations with amplitude Y 0 in the y direction. The oscillation is sinusoidal along the length of the beam, with wave number k. In cylindrical coordinates the boundary conditions for the flow are
where a is the radius of the cylinder. At large distance from the cylinder, we require that all generated waves are outgoing. 15 Guided by these boundary conditions, the solution to Eq. ͑7͒ is
where K 0 and K 1 are modified Bessel functions of the third kind 19 and A, B, and C are constants. Note that all coordinates have been scaled to the cylinder radius such that r = r / a and ẑ = z / a. The Reynolds number Re, normalized wave number , and the parameters ␣, ␤, and for the cylinder are defined by
The constants A, B, and C are evaluated by substituting Eq. ͑15͒ into Eq. ͑13͒ and applying the boundary conditions Eq. ͑14͒, yielding
where
Next, we seek an expression for the force per unit length on the cylinder in the y direction due to its motion through the fluid. The stress tensor for a compressible viscous fluid is given by
where I is the identity tensor and the superscript T denotes the transpose. The components of the stress contributing to the hydrodynamic load are the normal and tangential stresses at the boundary. Using the continuity equation Eq. ͑4b͒ and the boundary conditions Eq. ͑14͒, it can be shown that these can be represented in terms of the potentials introduced in Eq. ͑6͒,
The force on the cylinder can now be calculated easily by integrating the stress on the boundary, and using Eq. ͑10͒ we obtain
In the inviscid limit, Re→ ϱ, Eq. ͑20͒ reduces to
In the two-dimensional incompressible limit, → 0 and → 0, for arbitrary Re we find
which is the Stokes solution.
Torsional oscillations
The boundary conditions for an infinite cylinder undergoing torsional oscillations of circumferential amplitude Y 0 / 2 at r = 1 are
and we again require that all generated waves are outgoing, as for normal oscillations. Guided by these boundary conditions, the solutions to Eq. ͑7͒ for torsional oscillations are
where all parameters are as defined for the normal oscillations. The constants D, E, and F are found by matching the boundary conditions at r = 1. Equations ͑23͒, ͑24͒, and ͑13͒ yield
Using Eq. ͑9͒, this result establishes that p = 0 everywhere for torsional oscillations. We seek an expression for the moment per unit length on the cylinder. For torsional oscillations, only the tangential stress contributes to the moment on the cylinder. Following the same procedure as for the normal oscillations, from Eqs. ͑4b͒ and ͑23͒ we obtain
͑26͒
The moment on the cylinder is easily obtained from Eq. ͑26͒, and using Eq. ͑11͒ the hydrodynamic function for the torsional oscillations is
C. Flat blade
Having evaluated the hydrodynamic force and moment acting on a circular cylinder executing normal and torsional oscillations, we now consider the oscillation of a flat blade of width b and zero thickness. The flat blade is again oriented along the z axis and we consider normal and torsional oscillations separately, see Fig. 1 .
To construct a solution for the flat blade, we follow Ref. 10 and consider the flow above an infinite half-space whose surface is executing normal harmonic motion in two orthogonal directions,
where m and n are the wave numbers in the z and x directions, respectively, is the radial frequency of oscillation, and Y 0 is the oscillation amplitude. The y direction is normal to the surface of the half-space. The fluid lies in the region y Ͼ 0 and is unbounded. The no-slip condition at the surface of the half-space requires the boundary conditions
where u, v, w are the x, y, z components of the vector field u, respectively. For large y, we require that the solution generates only outgoing waves, 15 as above. Guided by the boundary conditions in Eq. ͑29͒, the solution to Eq. ͑7͒ in Cartesian coordinates is
where j is the unit vector in the y direction and , are as defined in Eq. ͑8͒. Equations ͑6͒ and ͑30͒ give the exact solution to the linearized compressible Navier-Stokes equations for this flow,
This flow field reduces to that given in Ref. 10 in the incompressible limit, as required. From the continuity equation Eq. ͑4b͒ and the boundary conditions in Eq. ͑29͒, we obtain the following result for the normal stress at the surface:
The complete flow field around a thin blade can then be constructed in precisely the same manner as in Ref. 10 by using the principle of linear superposition and this fundamental solution as a basis. In particular, a linear combination of these solutions for different wave numbers is constructed and used as a basis to satisfy the required boundary conditions for the finite width flat blade. The individual cases of normal and torsional oscillations, of arbitrary wave number, shall now be considered.
Normal oscillations
First, we consider normal oscillations ͓see Fig. 1͑a͔͒ with wave number k whose displacement function in the y direction along the length of the blade is
which ensures that the x and z components of the velocity field are antisymmetric about the y = 0 plane, the y component of the velocity is symmetric about this plane, and the vorticity is also symmetric about this plane. From these symmetry properties and Eq. ͑4͒, together with the no-slip condition at the surface, we then obtain the required boundary conditions for the normal velocity u y and normal stress component t y ,
Using the governing equations, Eq. ͑4͒, it can be proved that the required symmetry in the vorticity of the flow above and below the blade ensures antisymmetry in the stress component t y .
Since the boundary condition in Eq. ͑33͒ is an even function of the x coordinate, the general solution to the flow field can be constructed from Eqs. ͑31͒ and ͑32͒ using the principle of linear superposition,
These results correspond to a superposition over all possible normalized wave numbers, = nb, of the infinite plate solution presented in the previous section. Note that all coordinates have been scaled relative to the beam width such 
The kernel ͑͒ in Eq. ͑35͒ is to be determined by application of the boundary conditions, Eq. ͑34͒. Substituting Eq. ͑35͒ into Eq. ͑34͒ yields
Once the unknown function ͑͒ has been determined by solving Eq. ͑37͒, the entire flow field is known, and the
Equations ͑10͒ and ͑38͒ then give
Note that Eq. ͑39͒ is identical in form to the expressions for the hydrodynamic functions presented in the incompressible and inviscid formulations. 9, 10 The additional dependence on the parameter is implicitly contained in the kernel ͑͒, as with and Re.
We now proceed to find the kernel ͑͒ in an identical manner to Ref. 10 . The method for the viscous solution differs from that of the inviscid solution due to the presence of the square root singularity at the edges of the blade, which is absent for inviscid flow. In what follows we consider the viscous solution, and for the inviscid limit the reader is referred to the Appendix.
For viscous flow, the following ansatz is used to capture the square root singularity at the edges of the blade:
which automatically satisfies Eq. ͑37b͒. Substituting this ansatz into Eq. ͑37a͒, expanding cosine in its power series, and truncating the system at M terms yields the system of linear equations is modified by the presence of compressibility and A q,m Re remains unchanged from the incompressible solution. 10 Substituting Eq. ͑40͒ into Eq. ͑39͒ then gives the required result for the hydrodynamic function for the viscous formulation,
where a m is the mth row element of the first column of the inverse matrix A q,m −1 . The normal stress differential across the blade for the viscous solution is given by
where T 2m−2 are the Chebyshev polynomials of the first kind and the additional dependence on is contained only in the coefficients a m . We now examine the asymptotic limit of → ϱ, which can be readily computed from Eq. ͑37͒, to give
In the incompressible limit ͑ → 0͒, ␤ → i and the result in Ref. 10 is recovered. This limiting result can also be directly obtained from the solution Eq. ͑31͒ by taking the limit as n → 0.
Torsional oscillations
For the torsional oscillations ͓Fig. 1͑b͔͒, the local rotation angle function along the major axis of the blade is
where Y 0 / 2 is the amplitude oscillation at the edge of the blade, i.e., x = Ϯ 1 / 2, and is the normalized wave number. Invoking the no-slip condition at the surface and noting that the flow has identical symmetry properties to the normal oscillations about the plane ŷ = 0, the boundary conditions for the fluid at ŷ = 0 are
Using the principle of superposition and noting that in this instance the flow is antisymmetric in the x coordinate leads to
where all nondimensional parameters are as defined for the normal oscillations, and ͑͒ is to be determined. Substituting Eq. ͑49͒ into the boundary conditions, Eq. ͑48͒, gives the governing equations for ͑͒,
Integrating the weighted stress differential across the surface of the blade allows the moment per unit length to be determined,
͑51͒
Using Eq. ͑11͒, the hydrodynamic function is then given by
To calculate ͑͒ for viscous flow we choose the ansatz
which automatically satisfies Eq. ͑50b͒. Substituting Eq. ͑53͒ into Eq. ͑50a͒, expanding sine in its power series representation, and truncating again at M terms gives the linear system in terms of the Meijer G function. 19 Note that B q,m Re remains unchanged from the incompressible solution. 10 Using Eq. ͑53͒, the hydrodynamic function becomes
where b m is the mth row element of the first column of the inverse matrix B q,m −1 . The asymptotic limit of → ϱ can be readily computed from Eq. ͑50͒,
and the normal stress differential across the blade is
where U 2m−2 are the Chebyshev polynomials of the second kind.
III. RESULTS AND DISCUSSION
We have presented results for the hydrodynamic loads in terms of the normalized mode number , normalized wave number , Reynolds number Re, and ratio of the bulk to shear viscosities B / . The effects of compressibility are now investigated in terms of these variables.
Compressibility is important when the acoustic wavelength becomes comparable to or smaller than the dominant length scale for the flow. Therefore, in situations where Ն , the effects of compressibility cannot be ignored. The point at which = corresponds with the coincidence frequency, c = k / ͱ 0 K, the significance of which will be discussed again shortly. For applications in MEMS and AFM that involve oscillating elastic beams, use of the fundamental mode of vibration typically ensures operation well below coincidence and hence incompressible flow. However, increasing the mode number enhances the resonant frequency of the beam and coincidence is approached. The net result is that effects of compressibility cannot be ignored at high mode number. A detailed study of these effects for fluidstructure interactions involving such elastic beams, which makes use of the fundamental results derived here, will be presented in a companion article.
A Knudsen number can be constructed from the above dimensionless parameters, Kn= 2 / Re. This definition of Kn is proportional to the ratio of the mean free path to the acoustic wavelength in gases. 18 To observe the continuum hypothesis we require KnӶ 1, and therefore 2 Ӷ Re. Importantly, 2 Ӷ Re always indicates that the time scale for vorticity diffusion is less than the time scale for sound propagation regardless of the nature of the fluid. Therefore, this inequality must be satisfied in both gases and liquids for the continuum approximation to hold. As a consequence, flows with Re Յ 10 must have 2 Ӷ 10, and are therefore approximately incompressible. Since these flows have been discussed elsewhere, 10 we do not present results for ReՅ 10. Lastly, we invoke the Stokes hypothesis and set B =0. However, because the bulk viscosity is of similar magnitude to the shear viscosity, it does not appear in Eqs. ͑16͒ and ͑36͒ in the limit 2 Ӷ Re. Therefore, the hydrodynamic load formally does not depend on the bulk viscosity when the continuum approximation is valid.
A. Circular cylinder
We first consider the normal oscillations for the circular cylinder in the inviscid limit. Interestingly, the hydrodynamic function depends on the single variable, 2 − 2 , in this limit, see Eq. ͑25͒. This combined variable indicates the relative importance of the spatial length scale of the oscillations along the cylinder length to the acoustic wavelength, as re-flected in the dimensionless variables and , respectively. The inviscid solution is shown as a dashed line in Fig. 2 . An important feature of these results is the onset of energy dissipation from the beam due to the radiation of acoustic waves for Ͼ, i.e., radiation damping. This corresponds to the familiar coincidence frequency, below which there are no waves generated. 15 The coincidence frequency is approached ͑moving right to left in Fig. 2͒ either by decreasing the normalized wave number or by increasing the frequency of oscillation. When the coincidence frequency is reached ͑ = ͒, acoustic waves are generated in the medium, resulting in radiation damping on the motion of the beam. This is reflected by a peak in the inertial component of the load and the onset of a dissipative component. Above coincidence ͑ Ͼ ͒, both the inertial and dissipative forces diminish as increases. It is important to note that the existence of a distinct coincidence frequency is a consequence of infinite beam length. In reality, a finite length beam gives a spectrum of wavelengths, and thus a distinct coincidence frequency does not exist.
Having established the qualitative nature of the hydrodynamic function in the inviscid limit, we now examine its behavior in the presence of viscosity for normal oscillations. In Fig. 2 , panels ͑a͒ and ͑b͒, we illustrate the effects of small but finite viscosity by plotting the hydrodynamic function against the universal scaling of the inviscid solution for ͑large͒ Reynolds number, Re= 1000. Results are presented for a normalized wave number varying from 0 to 5. From these figures, it is clear that viscosity significantly affects the hydrodynamic load with the ͑exact͒ universal scaling in the inviscid solution no longer present. Viscous effects are manifested in a broadening of the peak in both the real ͑inertial͒ and imaginary ͑dissipative͒ components. We therefore observe that viscous, inertial, and compressibility effects mix in a complex manner to significantly affect the hydrodynamic load. This is reflected in the viscous compressible loads containing features of both compressible inviscid ͑dashed line͒ and incompressible viscous ͑dotted line͒ flows, see Fig. 2 . Nonetheless, the salient features of the load distribution are approximately preserved with respect to the inviscid scaling 2 − 2 . As the normalized wave number is increased, the peak in both the inertial and dissipative components moves to higher 2 − 2 . Most significantly, we note that finite viscosity results in nonzero dissipation below the coincidence frequency ͑Ͻ͒, with the compressible result asymptoting to the incompressible solution ͑dotted line͒ as approaches zero. Note that the compressible results terminate abruptly at the incompressible solution, = 0, i.e., at the rightmost section of each curve, since they are evaluated at fixed values of .
Corresponding results for lower Re ͑Re= 100͒ are given in Fig. 2 , panels ͑c͒ and ͑d͒. The features exhibited in panels 
013104-
͑a͒ and ͑b͒ are enhanced for smaller Re and demonstrate a greater deviation from the universal scaling present in the inviscid result. Viscous dissipation now results in a greater suppression and broadening of the peak, which moves to higher values of 2 − 2 . These features are further enhanced as Re is decreased, and therefore results for smaller Re will not be presented.
To complete our discussion for the circular cylinder, we consider the hydrodynamic function for the torsional oscillations. In Sec. II it was found that the pressure is everywhere zero in this case. This is not surprising, since the rotation of the circular cylinder imparts motion in the fluid through shear stresses only. Therefore only vorticity diffusion is present in the fluid and no pressure waves are generated. Consequently, the hydrodynamic function has no dependence on compressibility, resulting in a significantly simpler solution to the normal oscillations. Since the primary focus of this paper is the effect of compressibility, numerical results for the torsional oscillations of the circular cylinder are not required.
B. Flat blade
We now turn our attention to the flat blade and begin by investigating the convergence characteristics of the inviscid flow solutions. The number of terms required to achieve 99% convergence for the inviscid solution is presented in Fig. 3 as a function of the universal parameter 2 − 2 . The convergence for normal oscillations only is presented, noting that convergence for the torsional oscillations is almost identical. Importantly, only a few terms are required for convergence, as is evident from Fig. 3 . The convergence is improved for positive values of 2 − 2 over negative values and requires the least number of terms when = .
In contrast, for the viscous solution it was found previously 10 that the number of terms required to achieve 99% convergence for incompressible flow is well described by the empirical formula
Interestingly, it is found that compressibility has very little effect on the convergence of the viscous solution, and that
Eq. ͑60͒ remains a reliable guide to estimating the value of M critical .
Having established the convergence properties of the flat blade solutions, we now compare the hydrodynamic functions for the flat blade and the circular cylinder in the inviscid limit. The qualitative features of the hydrodynamic functions for both geometries are similar, see Figs. 2 and 4. However, the peaks in the real and imaginary components of the hydrodynamic function for the flat blade are significantly broader than those for the circular cylinder. While this feature is enhanced by the different scaling conventions for the circular cylinder and flat blade solutions, 20 the choice of scaling does not account for their quantitative differences. Figure  4 also shows the effect of finite viscosity for Reynolds numbers Re= 1000 and 100, respectively, in a similar manner to Fig. 2 for the circular cylinder. Not surprisingly, viscosity affects the flat blade solutions in the same manner as for the circular cylinder: a breakdown of the inviscid scaling and enhancement of the maximum values with the peaks shifting above coincidence as viscous effects become stronger. In contrast to the circular cylinder, torsional oscillations of the flat blade excite pressure waves in the fluid. This leads to a dramatic difference between these two cases, and the torsional hydrodynamic function for the flat blade possesses similar characteristics to that of the normal oscillations, as seen in Fig. 5 . We note, however, that the hydrodynamic functions for torsional oscillations are significantly broader than those for normal oscillations. This feature holds true for both inviscid and viscous flows and was observed previously for incompressible flow. 10 For inviscid flow, the onset of dissipation due to radiation damping at coincidence occurs abruptly for the normal oscillations, whereas the gradient appears continuous for the torsional oscillations. Interestingly, Fig. 5 also shows that viscosity has a more pronounced effect for the torsional oscillations than normal oscillations. For the same value of Re, the torsional results show greater deviation from the inviscid solution than do the normal results. This characteristic feature is also present in the incompressible solution presented previously. 10 For both normal and torsional oscillations, the compressible solution converges to the incompressible limit as approaches zero, in the same manner as solutions for the circular cylinder. We now compare the exact solution for the hydrodynamic function to the asymptotic results presented in Sec. II. These asymptotic solutions are valid for large , and we consider = 10 in the numerical comparison. Figure 6 , panels ͑a͒ and ͑b͒, demonstrates that the asymptotic formula, Eq. ͑46͒, provides an excellent description of the exact solution for this large value of = 10, with the dominant features of the hydrodynamic functions accurately represented. Good agreement is also obtained for the torsional oscillations, as presented in panels ͑c͒ and ͑d͒. However, the convergence is weaker in this case, in agreement with previous results for the incompressible limit. 10 Finally, we note that the exact analytical solution for the flow fields of normal and torsional oscillations also facilitate evaluation of the normal stress distribution at the surface of the flat blade, see Eqs. ͑45͒ and ͑59͒. Interestingly, the nature of the stress distribution is weakly modified by the effects of compressibility. The qualitative features of the incompressible solution are retained, namely, a square root singularity at the edges while decreasing monotonically toward the center of the blade, see Ref. 10 . Therefore, we do not present results for the normal stress distribution here.
IV. CONCLUSIONS
We have examined the 3D flow generated by flexible oscillating cylinders immersed in viscous compressible fluids. Normal and torsional oscillations were considered for a circular cylinder and a flat blade of zero thickness. Exact solutions were provided in all cases. For the circular cylinder we generalized the classical Stokes result to 3D compressible viscous flow, whereas solutions for the flat blade extended our previous work for incompressible flows. 9, 10 For both geometries, the phenomenon of acoustic coincidence was observed in the inviscid limit, with nonzero dissipation present only for operation below the coincidence frequency, as required. This cutoff is eliminated in the presence of viscosity, where the effects of acoustic and viscous damping combine. Interestingly, the hydrodynamic load generated by torsional oscillations was found to have a weaker dependence on compressibility and wave number in comparison to normal oscillations. Asymptotic results for the flat blade were also derived to validate the exact solutions. Results for the thin blade problem, in particular, are of relevance to modern technological applications such as those encountered in MEMS and AFM. 
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APPENDIX: INVISCID FLOW AROUND FLAT BLADE
In this appendix, we provide exact solutions for a thin blade oscillating in an inviscid fluid. Both normal and torsional oscillations are considered. These complement the viscous flow results presented in Sec. II.
Normal oscillations
In the inviscid limit ͑Re→ ϱ͒, the second term in Eq. ͑37a͒ vanishes and the parameter ␤ 2 = 2 − 2 is real valued. To solve Eq. ͑37͒, we then follow the approach presented in third kind has the asymptotic form K n ϳ ͱ/͑2x͒e −x . 20 The parameters ␣ and ␤ are complex valued in general, and their definition implies taking the principal value of the square root in their expressions, where the principal value is defined on the domain ͑− , ͔. In conjunction with Ref. 19 , this ensures that the asymptotic behavior for large r and y corresponds to outgoing waves, as required. 21 The length scale used to define Re, , ␣, and ␤ for the circular cylinder is the radius a, whereas the length scale for the flat blade is the total width b.
The definitions of the Reynolds number in these respective cases therefore differ by a factor of 4 when the length scale is taken as the diameter. The former is consistent with previous studies based on circular cylinders ͑Refs. 1, 2, and 8͒, while the latter has been used in Refs. 4, 9, and 10. 22 The Meijer G function contains a branch cut on the negative real axis, and the principal value must be taken on the domain ͓− , ͒. When determining the results numerically, programs such as MATHEMATICA often take the principal value between ͑− , ͔. This problem can be circumvented by using the conjugate of the Meijer G function, since the limits on either side of the branch cut are conjugate to each other.
